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Abstract. Simple formulas are given for generating Chern-Simons basic invariant polynomials by repeated exterior differentiation for n-dimensional differentiable manifolds having
a general linear connection.
PACS numbers: 02.40.-k, 04.20.Fy
This paper presents simple formulas for generating Chern-Simons basic
invariant polynomials by repeated exterior differentiation for n-dimensional
differentiable manifolds having a general linear connection.
The Chern-Simons basic invariant polynomials of such a manifold M are the
(2p - 1)-forms Qp( w Ù W p - 1) together with the 2p-forms Qp( W p) defined,
for p > 0, by1
Qp(w  Ù  W p - 1) = w ip
i1
 Ù  W i1
i2
 Ù  W i2
i3
 Ù  … Ù  W ip - 3
ip - 2
 Ù  W ip - 2
ip - 1
 Ù  W ip - 1
ip
= tr( w  Ù  W p - 1) (1)
and
Qp( W p) = W ip
i1
 Ù  W i1
i2
 Ù  W i2
i3
 Ù  … Ù  W ip - 3
ip - 2
 Ù  W ip - 2
ip - 1
 Ù  W ip - 1
ip
= tr( W p), (2)
respectively, where w a
b
 and W a
b
 are the connection 1-forms and curvature
2-forms, respectively, of M.
The 1st ordinary exterior differentials of the basis tangent vectors ea of M
are given by2-4
d ea = eb w a
b
, (3)
the contractions of which with the basis 1-forms w b of M are given by
Æ w
b
, d ea æ  = w a
b (4)
and in view of which the 1st absolute exterior differentials of ea are given by
D ea = d ea -  eb w a
b
= 0, (5)
where the contractions of w b with ea are given by
Æ w
b
, eaæ = d
b
a, (6)
where d ba is the Kronecker delta.
The 2nd ordinary exterior differentials of ea are given by5-12
d2 ea = d d ea
= d eb w a
b
= (d eb) Ù  w ab + eb d w ab
= ec w b
c
 Ù  w a
b
 + eb d w a
b
= eb (d w ab + w cb Ù  w ac)
= eb W a
b
, (7)
the contractions of which with w b are given by
Æ w
b





 = d w a
b
 + w c
b
 Ù  w a
c
= D w a
b
 + w a
c
 Ù  w c
b
= d w a
b
 -  w a
c
 Ù  w c
b
= D w a
b
 -  w c
b
 Ù  w a
c
. (9)
The 3rd ordinary exterior differentials of ea are given by
d3 ea = d d
2
 ea
= d eb W a
b
= (d eb) Ù  W ab + eb d W ab
= (ec w bc) Ù  W ab + eb d W ab
= ec W b
c
 Ù  w a
b (10)







 = d W a
b
 -  w a
c
 Ù  W c
b
 + w c
b
 Ù  W a
c
= 0, (11)
as well as by
d3 ea = d
2
 d ea
= d2 eb w a
b
= (d2 eb) Ù  w ab + eb d2 w ab
= (ec W bc) Ù  w ab + 0
= ec W b
c
 Ù  w a
b (12)
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using Poincaré’s theorem for scalar-valued exterior differential forms,14-15
i.e.,
d2 a  = 0, (13)
where a  is an arbitrary scalar-valued exterior differential form.
The 4th ordinary exterior differentials of ea are given by
d4 ea = d
2
 d2 ea
= d2 eb W a
b
= (d2 eb) Ù  W ab + eb d2 W ab
= (ec W bc) Ù  W ab + 0
= ec W b
c
 Ù  W a
b
. (14)
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Ù … Ù W i(p - 5)/2
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Ù … Ù W i(p - 6)/2
i(p - 4)/2
Ù W i(p - 4)/2
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Ù W i(p - 2)/2
ip/2, if p is even
, (15)
the contractions of which with w a are given by
Æ w
a
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Q(p + 1)/2( w Ù W (p - 1)/2), if p is odd
Qp/2( W p/2), if p is even
. (16)
Equation (16) then yields the formulas in question, viz.,
Qp(w  Ù  W p - 1) = Æ w a, d2 p - 1 ea æ (17)
and
Qp( W p) = Æ w a, d2p ea æ . (18)
For an aside, note that using Eq. (18) and taking the 0th ordinary exterior
differentials of ea to be given by
d0 ea = ea, (19)
the polynomial Qp(W p) for p = 0 is given by








where n, having appeared above, is the number of dimensions of M.
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